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Infinite Series, Integral and Comparison Tests

1. Is
∞

∑
n=1

7n+1

9n is convergent? (Hint: Observe that the n-th term is 7
( 7

9

)n)

2. Use the knowledge of infinite series to conclude that n
2n → 0.

3. Show that the series
∞

∑
n=1

1
2n − n

is convergent. (Hint: Observe that 2n − n ≥ 2n − 2n−1 = 2n−1)

4. Find a formula for the n-th partial sum of the series and use it to determine if the series con-
verges or diverges. If a series converges, find its sum.

(a)
∞

∑
n=1

(
3
n2 −

3
(n + 1)2

)
(b)

∞

∑
n=1

(tan(n)− tan(n− 1))

(c)
∞

∑
n=1

(
6

(2n− 1)(2n + 1)

)
(d)

∞

∑
n=1

(
2n + 1

n2(n + 1)2

)
(e)

∞

∑
n=1

(√
n + 4−

√
n + 3

)
(a) converges to 3 (b) diverges (c) converges to 3 (d) converges to 1 (e) diverges

5. Find convergent geometric series A = ∑ an and B = ∑ bn that illustrate the fact that ∑ anbn may
converge without being equal to AB.

6. If ∑ an converges and an > 0 for all n, can anything be said about ∑
(

1
an

)
?

7. If ∑ an converges and ∑ bn diverges, can anything be said about their term-by-term sum ∑(an +
bn)?

8. Find the value of a for which
1 + ea + e2a + e3a + · · · = 5.

(Ans: a = ln
( 4

5

)
)

9. Discuss the converges of the following series using of the integral test

(a) The series
∞

∑
n=1

1
(n + 2) ln(n + 2)

diverges. (Hint: f (x) = 1
x ln x )
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(b) Show that the series
∞

∑
n=1

ln n
np is convergent if p > 0. (Hint: f (x) = ln x

xp )

(c) Discuss the convergence of the series
∞

∑
n=1

n e−n2
(Hint: f (x) = x e−x2

)

(d)
∞

∑
n=2

n− 4
n2 − 2n + 1

(Hint: f (x) = x−4
x2−2x+1 )

(e)
∞

∑
n=2

1
5n + 10

√
n

10. For what values of a, if any, do the following series converge?

(a)
∞

∑
n=1

(
a

n + 2
− 1

n + 4

)
(b)

∞

∑
n=3

(
1

n− 1
− 2a

n + 1

)
(Hint: Apply integral test)

11. The Cauchy condensation test: Let {an} be a nonincreasing sequence (an ≥ an+1 for all n) of
positive terms that converges to 0. Then ∑ an converges if and only if ∑ 2na2n converges. Use
Cauchy condensation test to show that

(a)
∞

∑
n=2

1
n ln n

diverges

(b)
∞

∑
n=1

1
np is converges if p > 1 and diverges if p ≤ 1

12. Discuss the convergence of the series using comparison test

(a)
∞

∑
n=1

√
(n + 1)−

√
n

np

(b)
∞

∑
n=1

1√
(n3 + 1)

(c)
∞

∑
n=1

12 + 22 + 32 + · · ·+ n2

n4 + 1

(d) 1 +
1
22 +

22

33 +
33

44 + · · ·

(e) Show that
∞

∑
n=1

1
4n2 − 1

=
1
2

(Hint: Use the convergence of ∑ 1
n2 )

13. Suppose that an > 0 and lim
n→∞

n2an = 0. Prove that ∑ an converges.

14. ∑ an is a convergent series of non-negative numbers, can anything be said about
∞

∑
n=1

( an

n

)
?
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